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Abstract

Current estimators are generally biased if treatment assignment is correlated with unobserved
confounders, even when the number of pre-treatment periods goes to infinity. Ferman and Pinto
(2021) show that a demeaned version of the SC method can substantially improve in terms of bias
and variance relative to the difference-in-difference estimator; however, their proposed method
assumes that (1) the number of control-unit increases and (2) error term and common-factors are
asymptotically independent. Most commonly in empirical settings, (1) may not be sufficiently
satisfied, leading to finite sample bias. This paper proposes a test that can consistently estimate
the correct null when (1) control-units are fixed and (2) error terms and common-factors are

dependent.
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1 Introduction

In estimating treatment effects when the number of treated units are few, usual methods generally
tend to fail due to the lack of asymptotic approximation. Abadie, Diamond, and Hainmueller
(2010) proposed the synthetic control (SC) method, which works by estimating a weighted-average
of control-units in the pre-treatment period and reconstructing the counterfactual treatment effect
of the treated unit during the treatment period. A key requirement of this approach is that
there exist weights such that a weighted average of the control-units can perfectly reconstruct the

outcomes of the treated unit for a set of pre-treatment periods, called “perfect pre-treatment fit”.

An important contribution by Ferman and Pinto (2021) is the introduction of “imperfect-fit”,
where such weights may not exist. In particular, they introduce a demeaned-version of the SC
method that eliminates this problem, allowing consistent estimation/inference. However, a key

requirement is that the number of control-units diverge to infinity. In fact, Ferman (2021) showed
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that even when the number of control-units is larger than the number of pre-treatment periods,
well-known estimators are generally consistent. To under the difficulty of estimation under a fixed
number of control-units, according to Ferman and Pinto (2021), “If potential outcomes follow a
linear factor model structure, then it would be possible to construct a counterfactual for the treated
unit if we could consistently estimate the factor loadings. However, with fixed control units, it is
only possible to estimate factor loadings consistently under strong assumptions on the idiosyncratic
shocks (e.g. Bai (2003).” The main reason for the number of control-units increasing is so that the
variance of the error becomes negligible. This error variance is given as o2 in (2.3), which disrupts
the recovery of our factor loading for our treated-unit from the pre-treatment period. Our paper
contributes to the literature by providing a consistent test that allow the number of control-units

to be fixed.

Structure of Paper: Section 2 provides the motivation and model setup of our paper. Section 3
provides the theoretical results as well as details of our proposed test in a heuristic manner. The

proofs of the result in the main text are contained in the Appendix.

2 Model Setup

We are interested in testing
Hy: a0 =« versus Hjp:oag # «

at some time point £. We assume that we observe a balanced panel with J + 1 individuals, from
time t = 1 to T := Ty + 11, where Ty is the number of periods that no individuals are treated; 17 is
the number of periods that individual j7 = 0 is treated, with the remaining individuals j = 1,...,J
still untreated. Following Chernozhukov, Wuthrich, and Zhu (2021) and Ferman and Pinto (2021),

we make the general assumptions for our model.

Assumption 1. (potential outcome) The potential outcome for unit j at time t for the treated (yjlt)

and non-treated (yj]\t[) are given by

yjj\t[ =cj+ 0 + )\;Mj +€jt
Yl = e+ (2.1)

where 0; is an unknown common factor with constant factor loadings across units, c; is an unknown
time-invariant fized effect, A is a (F x1) vector of common factors, p; is a (F'x1) vector of unknown

factor loadings, and the error terms j; are unobserved idiosyncratic shocks

Assumption 2. (sampling) We observe a realization of {yot, - . . 7th}teTouT1’ where y;; = djtyj[t+

(1—dj) yﬁ, while djy = 1 if j = 0 and t € T1, and zero otherwise. Potential outcomes are



determined by assumption 1. We treat {ijﬂj}‘j]:o as fized, and {Mi}rerours and {€jitreour; for

7 =0,...,J as stochastic

To motivate the problem, consider the synthetic control weights in Abadie et al. (2010) given

as

W9 .= argmin T Z(y()t — Y, W)2.
weaj 20 er

Fixing an W € A;{ , let

Qn (W) = 2 3 (v — W)

OteTo
1 / , , , , 9
=g Z {Co+5t+>\t,u0+60t — (CW+(5tLW+)\tuW—}—5tW)}
0teTo
i) 1
(:) ?0 Z {(CO — W)+ A;(MO —uW) + (eot — €;W))}2 (2.2)
t€To

where p:= (p1, ..., uy)", and (i) follows from /W = 1. Under some mild assumptions (see Ferman
and Pinto (2021)[assumption 4]),

Qry(W) B Qo(W) = o2(1 + W'W) + [(co — W) + (o — pW) Qoo — )], (2.3)
where it is assumed that T% > teTs EtEt 2 6215, for & = (os,€})'. Then it can be argued that

WS¢ B W .= argmin Qo(W)
WeA/

We see that the o2 given in (2.3) prevents us from recovering the pre-treatment weights, i.e. the
variance of the error coming from eo; — ;W given in (2.2). Ferman and Pinto (2021) explains that
the only way to fully recover the pre-treatment weights is for 02 = 0 or for the existence of some
W e ®|W € arg minyy. =1 {W'W}, which may not always hold. In view of this short-coming,
Ferman (2021) suggests that ”when the number of control units increases, the importance of the
variance of this weighted average of the idiosyncratic shocks vanishes if it is possible to recover the
factor-loadings of the treated unit with weights that are diluted among an increasing number of

control units”. However, the two assumptions needed are

1 P
(1) ?0 Z )\tgt =0
teTo

(2)  the number of control-units increases



Another way to remove the error o2 is to break the non-treated sample 7y into sub-samples and
run a block synthetic control weight, since this will allow the error terms to be negligible by their

mean-zero property; we call this new estimator éto (W), i.e. we can obtain
arg min Qg, (W) % arg min Qo (W) (2.4)
w w

for Qo(W) = (co — W)? + (o — pW)'Q0(po — uW), which generally holds under mild regularity
conditions and €y being positive-definite. This is due to the strict convexity of Qo(W) leading to
a unique solution of argmin Qo(W'). Therefore, intuitively, the block synthetic weights approach
can remove the need for the number of control units to increase. However, when {2 is only positive
semi-definite, the solution set of argmin Qo(W) may not be unique, preventing the type of logic
used in (2.4) to hold. We overcome this by adding a ridge term. Our paper contributes to the SC
literature in obtaining consistent confidence intervals around «ag; under the true null, while relaxing
both assumptions (1) and (2), i.e. we allow Qg to be only positive semi-definite and the number of

controls to be fixed.

3 Theory

Suppose first that we have an estimator WSC of some sort, such that wse & W, with W € P =
{WeA] :We=coand Wy =po} and A;) := {W € R’ : [[W]|| < n} for some n > 0 that will be
specified later. Define * 1= {W e A;{ : W = ¢p}. Then we have the following corollary, which is
useful when Tio ST N () B0 (see later theorem).

Corollary 3.1. Suppose WSC BW € &*. Then as Ty — oo, for any fixed t € T1,
Gor =y — YW B age + N (o — W) + (20 — €}T)
If furthermore, we have that WsC B ¢ :I;, then

Gor = oot + (1o — W) + (co = W) + (eot — &1W) = apr + (cot — &1 W)

We want to apply Theorem 1 of Chernozhukov et al. (2021) to both cases of W given in corollary
3.1, in order to obtain a conformal inference under the null. For any ¢ € 71, we define u; := —13tN ,
where ﬁtN = agt — agt. For t € T, define u; = yf} — nyWSC. For any t € Tg N 71, define
PN =Wy — .

Denote S(1) := Tf1/2 ’Zteﬁ ﬂt|. Let To ={1,....,T0} and T1 = {To + 1,...,T}. We define the



moving permutation for m € {0,1,...,7 — 1} as IT := {m, }2 _, where

(i+m ifi+m<T
Tm (7

i+m —T otherwise

Then define the p-value as

pi= ‘111, S 1S (i) > S(@)} (3.1)

mell

For notational simplicity, define &; := (e1¢,...,5¢)" and v := (y1¢, ..., ys¢)’. Throughout the rest of

the paper, We assume 77 is fixed, and Ty — oc.

Theorem 1. Suppose W5C 5 W. Assume sup, E[|A¢||, sup, E||le¢]| < C < o0 for some constant
C. If any of the cases hold,

(i) Wed
(ii) Wed and EN=0

T
— o~ 1
(i) W € ®* and TZ)\t)\;:op(l)
t=1
. 1 <&
(iv) W ed* and T;EH)\tHQ_o(l)

then under the correct null of at, for any 6 € (0,1),

IP(® < 0) — 0] = op(1)

3.1 Block Synthetic control for fixed A

Consider a r-fold cross-fitting procedure, where we fix r € N and define A := L%J Then A
can be seen as the number of elements we want to fit in a single block (in the general case we
can take A to be the ceiling of %) Then for any j € {0,1,...,J}, and s € {1,...,r} and ¢ €
{1,..., A} define €3, = Ejsa+q and E° 1= %(ESA.H + €sat2 + - + E(s41)a). Furthermore, write
Y

S

= %(ySAH +Ysat2 + - + Ys+1)a). Then we can define the block-synthetic weight

o 1 e 2
W7C(A) := argmin = Y~ {g5 — (°)W}" + AW
WGA;{ " s=1

where A > 0 is some fixed value.



Assumption 3. Suppose T} is fized, Ty — o0, A — oo, Eejr = 0 and E||\¢||?,E6Z,E(e1)? < 0% <

~ =

oo for every j € {0,1,....,J} and t € {1,...,Tp}. Furthermore, suppose %OZte% E1E} RN 02ly,q,
T%) ST A B0 and T% DoteTs MAL 2 Qo, a positive semi-definite matriz.

. . . . 1

Unlike Ferman and Pinto (2021)[Assumption 4], we do not require 7 3,73 Ater = 0p(1) - these
assumptions could be satisfied under stronger conditions such as a-mixing with exponential speed,
but may be hard to ascertain - to derive our asymptotic results. Rather, assumption 3 implies that
this term is Op(1).

Assumption 4. (Solution existence) Suppose at least one solution to GW = Gy exists, where

Gy := =
Ko

and G := (c,p). Furthermore, assume the chosen 1 is such that there exists some W< being the
solution with ||W°|| <.

Empirically, we can always choose 7 to be very large to ensure that some solutions fall within the
prescribed Ag . In the event that G has full column rank, W = (G’G)~*G’(co, uf)’ is the solution
to GW = Ggy. The only time when assumption 4 fails is when (G is not a linear combination of G.

When the number of covariates is large, this scenario will be unlikely.

Theorem 2. Suppose assumption 1, 2, 8 and 4 holds. Then for any fixed v > 0,

sup [WEC(A) = W(A)] = op(1)
A€[y,1]

where W(A) := arg minyyeay AW, A) and AW, A) := (co — W2 + (o — pW)' Qo(po — pW) +
AW, Furthermore, as 0 < A |0,

W(A) — W*

where W* is the minimum-norm vector among the set of vectors that solves GW = Gy.

Remark 1. If we can strengthen €y in assumption 3, then Theorem 2 holds for v = 0. In this

case, we can have that for any sequence of Ar | 0,
W2 (A7) = W* + 0,(1).

Then an application of Theorem 1 yields exact asymptotic size control under the correct null.

Note that W* is unique by Lemma A.1. The difficulty in taking v = 0 stems from the assumption

that Qg = PlimTO_onio Zte% At} is only positive semi-definite, which implies that the solution
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set of the probability limit of WYSC(O) may not be unique. The implication is that WYSC(O) can
potentially converge in probability to any W € ® due to this lack of identification. To be specific,
note that for any A > 0,

W(A) = (A + ¢ + p/'Qop) ™" (1 Qopo + coc).

As A | 0, the inverse diverges to infinity. This prevents W (A) from being equi-continuous in
A € (0,1]; consequently we are not able select a finite number of points A; € (0, 1] such that the
union of balls around A; covers the interval (0, 1] and the probability that any A € (0, 1] is covered
by one of the balls lipschitz continuous. However, the next corollary shows us that we can have
an ”almost-consistent” estimator of the solution set GW = Gy if we take A > 0 to be arbitrarily

small.

Corollary 3.2. Suppose assumption 1, 2, 3 and 4 holds. Then for any & > 0, there exists a
A(&) > 0 such that for any fired 0 < A < A(),

IWSC(A) = W*| < €+ 0,(1)

Furthermore, Theorem 2 assures us that there is some sequence of Ar such that WYSC(AT)

consistently estimates W*. This is formalized below.

Corollary 3.3. Suppose assumption 1, 2, 3 and 4 holds. Then there exists a sequence 0 < Ar | 0
such that

WS (Ar) = W + 0,(1)

By an application of corollary 3.3 and Theorem 1, we see that under the null, we can apply
Theorem 1 for p in (3.1) and obtain conformal inference if we have an idea of the rate of Ap
is. Despite this difficulty, we can obtain an ”almost exact” size control for any given A € (0, 1].
Intuitively, by choosing a small enough A, WTSC(A) should be approximately W* asymptotically.
We should therefore have an ”almost-exact” size control in the sense of theorem 1 for small enough

A. This is formalized in Theorem 3 below.
For any t € 71, define

Gor(A) =y — ye W9 (A)
PN(A) := agr — dor(A) =1 —Ty(A)



N ' N N
Py :W*Yt —Yor = W

S@w) =1, 13" @)
teTo

PA) = & 37 AS(a(8)) > S(a(A)))

mell

Theorem 3 (Main result). Suppose assumption 1-4 holds. Assume S(u) has pdf bounded above by
D, and {ut}thl is stationary and strong-mizing. Under the correct null of coy, fizing any A € (0, 1]
and 6 € (0,1), we have

IP(B(A) < 0) — 0] < C{(Tl/To)”‘*logTo + max(Cy, Co) - |[W(A) — W]

T max(CL2, O |[(A) - W*W?} .

where Cy = 2+/(||c|2 + 2||u]|202), Ca := ||c|| + o?||pl|| + 02, C is some universal constant, and
~yr = o(1) is such that with probability at least 1 — ~yp,

1PN (A) — PN||o/VT < C1[W(A) — W],

i.e. the speed of convergence of WY‘SC to W(A).

Remark 2. y Theorem 2, as 0 < A | 0 then W(Ar) — W*. Combining with Theorem 3, there
exists some 0 < Ap | 0 such that |P(p(Ar) < 0) — 0| = o(1). This rate is generally unknown unless
we impose more assumptions on the structure on the model. In practice, we can simply employ a

very small Ap =~ 0 so that the estimation error is negligible.

3.2 Block synthetic control is efficient under mis-specification

In this section we explore the asymptotic variance of different estimators of «y, i.e. the treatment

effect. For every A > 0 and t € T, recall that we defined our block estimator as
&EC(A) = ?Jét - yéthC(A)'
By Theorem 2 we see that

a; (M) B o+ yhy — YW — g (W(A) — W)
— oo (T (A) — W)
= ot + (C + 0oy + /‘L)‘t + €t)/(W(A> — W*) (32)



so that

avar(afC(A)) = (W(A) = W (Var(8) e + p Var(\)p' + o*I)(W(A) — W*)
< A(W(A) = WY (! + gl + YTF(A) — W)
<o HW<A) - W*HZ)‘ma:B(E)

where ¥ := w/ + pp’ + 1

Next, we show that a;C(A) is more efficient than the class of estimators

_ 1
a (W) := [yor — yiW] + T > lyor — Y, W] (3.3)
T€TH

for any W € R’, when 0 < A < A, for some A. Note that the difference-in-difference (DID)

1 1

estimator is a special case of (3.3) with W = W, := (3,...,5)" (e.g. Doudchenko and Imbens

(2016)), i.e

aPIP .= &, (W,)

2

We assume o > 0 for simplicity. As shown in Ferman and Pinto (2021)[proposition 3], under

assumptions 1-3, as Ty — oo, then for any t € Ty, for any w5 W, we have

avar (@ (W)) = o2(1L+ W'W) + (co — ¢W)? + (o — ' W)'Qo(po — pW) > o

By Theorem 2 we know that there exists some A > 0 such that for every 0 < A < A, then
[[W(A) — W] < #ﬁi@) In particular, for every 0 < A < A, a5C is more efficient than the
DID estimator.
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A Auxiliary Lemmas

Lemma A.1. Let A € R™" 5o that by singular value decomposition we can write A = UXV’,
where ¥ € R™*™ has non-zero elements only on its diagonal, with these values equal o1, ...,0,. The
minimum-norm least squares solution to the linear equation AX = b, that is, the shortest vector X
that achieves

n

; 2 = )2
min|[AX — 0P = 3" (U1b)

i=r+1
s unique, given by
X =vstus
where
1/o1 0 - 0
1/09
e 1o,
0
0 0

Also, || X|]? = S0, (Ub/0:)?

Lemma A.1:
The least square solution to AX = b can be written as

min [USV'X — 8| = min|[U(SV'X — U'b)]| © min[(SV'X — U'b)| @ min||(Sy — o]
Yy

where (i) follows from the fact that U is orthogonally-normalized so that the euclidean-norm remains
unchanged; (ii) follows by defining y := V'X and ¢ := U’b. We want to minimize the vector

o1 0 ... 0 0 n 1
0
Oy
Yr B Cr
0
Yr4+1 Cr41
0 Yn Cn

which leads to the solution

Ci ,
yi=— foricl, ..r

7

11



with the choice of y; to be any number for i € r + 1,...,n. However, note that by VV’' = I, we
have || X|| = [|[V'X]|| = ||y||. In order to minimize ||X|| we have to minimize ||y||, which forces us
to choose y; := 0 for i € r+1,...,n, i.e. y = Xfcis the unique solution to the minimum-norm least
square problem. Solving for X yields

X =Vy=vxie=vxitp

It is clearly unique. Furthermore, since y; =0 fori=r+1,...,n

min [[AX —b]| = [|AX = bl = |[(~ersr, - —en)ll = D (UID)*.
1=r+1
Finally,
IXIP = IVYll? = llP = D _(eifon)® = Y (Uib/o:)?
=1 =1

B Proof of Theorem 1

Define y; := (y1¢, ..., yJ¢)’. Using the notations of Chernozhukov et al. (2021), consider the respective
models:
Case (i),(ii)

PN = W/yiv - yé\i = —Uu
Case (iii)
PN =Wy —yly — Wk = —uy
Case (iv)
PN =WyY —ypf — W pEN, = —u

Then note that Eu; = 0 for all cases; defining v, = 0 for case (i) and (ii), v := W' pA; in case (iii),
v = W pE) in case (iv), we have
P — PN = —(ygy — yiW5C = ao) = Wy + 3t —
= —(wor — v ) =Wy + o) —
= (W5 =)'y =
= (WS¢ — W e+ (WS¢ W) pde + (W = W)y —

where ¢ := (c1, ...,cz)’, t € R is the vector of ones, and (WSC — W)ud; = 0 since WS¢, =1= W,
as W3¢ W ¢ A#. Therefore, by noting the simple inequality of (a 4+ b+ ¢+ d)? < 8a? + 8b% + 8¢2

12



+ 842,

T
~ 1 ~
1PN = PNIB/T = 2 3 (Y — PN
t=1
sty S 2
<8 {(W5C = Wy'e} +8II(WS =Wy ul§ = 3 Il
t=1

+8||(WSC — WW{ Zr|st|r2}+8 th—op

under our assumptions. This satisfies assumption 3.1 of Chernozhukov et al. (2021). Furthermore,
for any t € Ty,

PN — PN| = op(1) as Tp— o0

since E|[A¢||2, Ellec]]2 < 02 < 0o by assumption, Markov inequality, and WS¢ % . This satisfies
assumption 3.2 of Chernozhukov et al. (2021), so that an application of Theorem 1 of Chernozhukov
et al. (2021) yields the result.

C Proof of Theorem 2

Step 1: We show that for any W € AZ,

A2Z Z €og — (€)' W) p = 0,(1) (C.1)
s=1 q=1

Fix any W € A;{ and observe

2
A

’I"AQ Z Z EOq Z)IW)

r r A (-1
71 1 S S S
) Z Z(qu — (=)'W) )?+ 27“A2 Z (e0e — (€)' W)(egg — (€)'W)
s=1 g=1 s=1 f=1 ¢=1
| Jo | JLA e
= = D (eo = W)+ 42— DD D (e — () W)(edy — (5 W)
0 r
t=1 s=1 (=1 g=1
= A1 + As.

We will show that A;, A = 0,(1). Noting the simple inequality of (a + b)? < 2a* + 202,

1 & 1 1 Qo
A < § eor + W —§ W
1 < ToA 2 50t+A (To - ELEL)

13



1

= (02 +0p(1) + KW (0L + 0, ()W = 0,(1)

A

as A — oo. To deal with A, for notational simplicity, define X3, := Zg 11(505 ()W) (eby —

(¢5)'W). Then we have

r A r A 2
var(Ag) = %var(ZZXag ) r2A4 Zvar ZXM 24A4 ZE {Z X&gl}
s=1 (=1

s=1/¢=1 s=1
4 r A (i) 4 r A
= AT 2D D B X w) = g DD B(XG)?
s=1 /=1 m=1 s=1/¢=1
(i) 82 o S~ 802
{—1)= f—1)< — =9o(1

where (i) follows from independence between blocks and E (Zle XS’L,) = 0; (i2) follows from the

observation that, for any ¢ # m (we can w.l.o.g. assume ¢ < m),

£—1 m—1

E(X0,:X0m) = E {e60 — (D) Wby — () WHeGm — (e0) WHeG — (1) W}

i

h=1
{—1m—1
= E (ebm — (&) W) - E ({ete — (1) W Het, — (e5) W Hetn — (1) W}) = 0;
qg=1 h=1
(#i7) follows from
—1 -1 )
E(X5,)? = E (et — (e0)' W)™ - E((eg — (e9)' W) - (€60 — (£3)' W)
q=1 h=1
-l (iv)
=N "E (e — ()W) E (e, — ()W) < 2(0 - 1)0
q=1
where (iv) follows from
J J
E (e, — (€3)W)* = E(ed,)* + D W2E(e},)? < 0? + 02> W = 207
j=1 j=1

so Az = 0,(1) by Markov-inequality and the fact that EA; = 0. Therefore (C.1) is shown.

step 2: Define

Az, (W, A) Z{yo 7°)WI + AW |2

14



and
AW, A) = (co — ¢W)? + (o — W) Qo(po — pW) + AW ]J%,
we want to show that

sup Az, (W, A) — A(W, A)| = o0,(1) (C.2)
(W,A)eA] x[0,1]

First we require a lemma:

Lemma C.1. (Corollary 2.2 of Newey (1991)) Assume (1) A; x[0,1] is compact, (2) Ar, (W, A) B
AW, A) for every (W,A) € A) x [0,1], (3) AJ x [0,1] is a metric space and (4) there is a
By, such that Br, = Oy(1) and for all (Wi, Ay),(Wa, As) € AJ, |Ap, (Wi, Ar) — Ap, (Wa, As)| <
Br, [|(W1, A1) — (Wa, Aa)|| and (5) { AW, A)}(W,A)eAgx[O,l} is equi-continuous. Then Ap, (W, A) %
AW, A) uniformly over (W, A) € A# x [0,1]

Fixing any (W, A) € A; x [0,1], we have

Ary(W,2) = =37 [(eo — W)+ (K (o — W) + (55— @Y W)] + AP
s=1
= (co = ¢W)? + (no — y'W)’ < ZA > (1o — /W) + %Z(gg — EYW)?

+2(c0— W) (1 Z(As)') (10 = 1/ W) +2(eo = /W) (1 R <es>'w>>

s=1

+ 2(po — WY < ZAS (& — )>+AV|W||2

so that by

r r A 2
(a) %Z(gg - E@)W)* = ﬁ Z {Z €0g — } =o0p(1) by (C.1)
s=1 s=1 q=1

r Ty
1 — 1
D) =) (W) == (\) =0,(1) b ti
(b) 7,821(> Tot:1( ¢)' =op(1) Dby assumption

T
1 r 1 0
(€) - 281(68 . (55)/W) — ?0 ;1 ot — Zst = op (1) by assumption

T r T()
1 N3 (=s =s 1 TS—s 1
(d) D N(E-E)W)=—3 X& - ?OE:(Q)/W = 0,(1)
s=1 s=1 t=1

where the last equality in (d) follows from Markov-inequality, the simple inequality that E(AZ)\i k) <
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2E(A3,)? + 2E(\;,)? < 4C by assumption, and

J T r J r
1 N =s 1 SYM—_s—m 1 S —$
E[-) X&) =) (ﬂ >N BN EE )) => <T2 > E()\J)QE(EO)2>
s=1 2 j=1 s=1m=1 j=1 s=1
J 1 T 1 A 1 A
s \2 s \2
= Z (7“2 Z E(Z Z Al) E(K Z E0.k) )
j=1 s=1 k=1 k=1
J 1 T 1 A A 1 A
S Z (Tz Z Az( Z 4C) N2 Z E(eo,k)2>
j=1 s=1 k=1k'=1 k=1
4C?J B 4C?J 0
r2A  Tor
it follows by our assumption that
Az, (W, A) 5 AW, A) (C.3)

It is clear that Ag x [0,1] is compact, so condition (1) of Lemma C.1 is satisfied. It is clear that
condition (3) and (5) also holds, i.e. {A(W, A)}(W,A)eAgx[o,l] is equi-continuous. Condition (2)
follows from (C.3). To show (C.2), it remains to prove that condition (4) of Lemma C.1 holds,
which is what we do now.

We can remove the common time-effect from jTo (W) by defining y§ := @8—35 and ° := y°—10",
so that

Ag, (W, A) = Z{ )W +3°(1 — W2+ A|[W]?

Then using mean value theorem, for any (W1, A1), (Wa, Ag) € Ag x [0, 1], there exists a (W3, A3) €
A;{ x [0,1] such that

’flTo(WhAl) — Ag,(Wa, Ao)

( Z{ ") WaH(~y° -9 L)+||W3H2+2A3W3> |[(W, Ar) = (W, Ag)|
ZBTOH(WhAl)—(Wszz)H
with
H(2 W=7 _5L>+HW3|2+2A3W3>H
s=1

ﬁ\l\.')

|

Z{ ") Ws}(@") )

( Z{ ") W3}5>H-IILH+HW3||2+2A3HW3II
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T

2 JURE
;ZYJS&

s=1

T

5

s=1

< + x [|[Ws|| + + < |[Wall > [lel| +n* + 21

2 — 2 —
S W || || T @)
s=1 s=1

= ||241]] + [|242]| x 1+ |[243]] + ||244]] x VIn + 0 + 27

where the second last inequality follows from ||W3|| < n and A < 1. We will show that Br, = Op(1)
by showing that each term Ay, ..., A4 is Op(1). Observe first that

@ XY =0,0)

r

6) S EE) =0,0)
s=1
1 r . 1 To
@ X =2 Y M=o
s=1 031
1 . S\/ 1 L /
@ 3 =2 > @) = o)
s=1 V=1
@) LY XEY =0,)
s=1
L=y oy
(f) =S EE) = 0,01)
s=1
1 T . 1 To
(9) 720 =72 0=0,1)
s=1 t=1
() LS FEY =0,0)
s=1

where (c¢) and (d) follows from the assumptions, (a) follows from Markov-inequality and

1 r e 1 r A 2 1 r A A
3 IES SRR B D B D DETH| B B B S (PAIREY])
s=1 s=1 m=1 s=1m=1/¢=1

r A

A
2
= Az SO (EINLIP +ENNIP) < 207,

s=1m=1/¢=1
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(b) follows in an analogous manner, (e) follows from Markov inequality and
<y (n z %S emn)

1 « ) ,
<D Z ZE<||Am|| lesll) < 202,

s=1m=1/¢=1

(f) follows from Markov inequality and

1< 1 & 1 &
SII(COEMNES o)
s=1 m=1 m=1

'

1 A A
< 22 2 2 E(lledmll - llell) < 207

s=1m=1 /=1

IN

(g) follows from Markov inequality and bounded second moment of d;, both (h) and (i) follows in
the same way as (e).
We can show Ay, ..., Ay = Op(1) by writing

r

]- xS S
A —— ,A =S /A —=8\/
1= (ot g +5)(c+ uA + )

s=1
1 - S 1 - —s / 1 i S ! 1 4 NS /NSy,
= coC+ ot - ;Z)\ +CO(;ZE )—I—cuo(;Z)\ )—i—uo(;Z)\ A
s=1 s=1 s=1 s=1
1 T — T s 1 T o
+H6(;Z)\ &) Zeo !+ ( 253()\ ) )+ ;258(5 )
s=1 s:l s=1

1 ¢ s s s, s
A2=T§(c+,u’)\ +8) - (c+ N +&%)

(s 1 ooy

=cc +u (rsglx\()\))u—i-rsgla(e)

+2c EET X )t 2el ET @) + 24 EET N
r r r ’

s=1
Zé (c+ /X +8%) = Za Z&S(XS)’)M+%ZSS(5)'
s=1 s=1 s=1
A4:%Z(c+;ﬁs+ )8’ —chS )+ p/( ZA& +Z€s<5
s=1

and then applying (a) — (7). Therefore condition (4) of Lemma C.1 is shown, implying (C.2)
and (?7)
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Step 3: We show that for any fixed v > 0,

sup |W3C(A) = W(A)| = 0,(1), (C.4)
A€[,1]

where W (A) = arg miny, o7 A®D (W, A) in case (i), or W = arg miny, s AW (W, A) in case (ii).

Lemma C.2. (Newey and McFadden (1994)[Theorem 2.1]) Suppose there is a function Qo(6) such
that it is (i) uniquely minimized at 6o; (i) O is compact, where 6 € ©; (111) Qo( ) is continuous

and (iv) supyee 1Q(0) — Qu(0)| = op(1). Then for = arg min Q(6), we have 625 0,

We first show point-wise convergence of WN/SC(A) for every A € (0,1]. Replace © by AJ which
is compact. We fix any A and replace Qo(6) by A(A, W). Since A(A, W) is strictly convex it has
a uniquely-minimized solution. Clearly A(W,A) is continuous in © and condition (iv) of Lemma
C.2 follows from equation (C.2), with Q( ) as Ag, (W, A). Therefore we have

WSC(A) B W(A) (C.5)

for every fixed A € (0,1]. This satisfies condition (2) of Lemma C.1. Since [y, 1] is compact,
condition (1) is satisfied. Condition (3) is clear. To show that W (A)se[,,1] is equi-continuous, first
observe that

W(A) = (AT + cc + p'Qop) ™ (1'Qopo + coc)

We can take the spectral decomposition of c¢¢’ + p/'Qopu = VDV’ where VV' =1 = V'V and D is
the diagonal matrix with non-negative eigenvalues (dy, ..., d;) as its elements. Define D* = D+ AT
Then for any Ay, Ay € [, 1],

|[W (A1) = W(A2)|| < [J(ALT + ¢ + 1/ Qo) ™" = (Mo + e/ + 1/ Qo) ™ |oo - |1/ Qopro + coc|
= |[V(D*)™t — (D) V|| - 11/ Qo + cocly
(2) _ _
= |[(DM)™F = (D)oo - |1/ Qopto + cocl|1

A1 — A

J(di + Av)(d; + Aso)
Q + coc
< ||M o,uo2 0 Hl,Al —Ag\

= ||’ Qoo +coc|\1 max

where (i) follows from V being orthogonal. Condition (5) of Lemma C.1 is shown. For any
A1, Ay € [v,1], we can diagonalize + Y7, 5°(y°)’ = VrDrVj and define D) := Dy + A, so that

~ —~ T . _ |A1 — Ag|
WSC (AL — WSC(A H< 1 s —s||. .
[s(a) (A2) _|r;yo Pl max o S

122575 7°lh
< I 8;20 -|A1 — As| =: B, - |A1 — Ag|
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where

<

v*-E(Bp,) < E(l5ol - [75])

S| =
1]~

j=1s=1
11 J r A
< ?EZ E (Z ol + 10s,el + XS ghtol + |805A+e|)> (Z(ICJI + 105, + [ ot + |€j,sA+e!)>
j=1 s=1 (=1 =1
1 J r
S;ZZ L+ [eol + lej| + [poll + lluill)o? = T (L + |eol + lej| + [lpoll + llnsl[)o? = O(1)

.
Il
=
—

s=

where the last inequality follows from the bounded second moments of é;, A\; and €;; by assumption.
By Markov-inequality, condition (4) of Lemma C.1 is satisfied, so that we obtain (C.4).

Step 4: We show that W(A) — W*as 0 < A ] 0

For any A > 0, A(W, A) is a strictly convex and continuous function, so W(A) := arg min A(W, A)
is unique. Define W* as the minimum-norm least square solution that minimizes H(W) :=
(co — W) + (o — uW)'Qo(po — pW) over W € AJ, ie. H(W*) = 0 such that for any other
W e A;{ with H(W) = 0, ||[IW*|| < ||W]|; this uniqueness follows from Lemma A.1. Note that
H(W*) =0 by assumption 4.

For any W' ¢ A,J] with ||WT|| > ||W*||, we will have A(W*, A) < A(WT, A). Therefore we have
that W # W* if |[W(A)|| < ||[W?*]||. Furthermore, we know that any ||W|| < ||W*|| has the property
that H(W) > 0, since W* is the minimum-norm solution. Define A(W) := W — W* and consider
any fixed 06 > 0. Consider the open ball around W*, defined as Bs(W*) = {W : ||A(W)|| < d}.
Since A := {W : [|W]| < ||[W*||} is compact, then EﬂBg(W*) is compact. By Weierstrass extreme-
value-theorem, there exists a W e An BS(W*) with 0 < H(WH) = ianeZmBg(W*) H(W). There
must be a ¢(§) > 0 such whenever 0 < A < &(§), then An < H(W*). Then we can see that

W e AnBs(W), (C.6)
because of
AW* A) = A|[W¥||2 < Ap < H(WH) < AW, A)

for any W € AN B§(W*), and the fact that any W € A#\{A} cannot minimize A(W,A), i.e
W # W(A). We can expect that ¢(d) | 0 since inf H(W) is non-decreasing with d | 0.

This implies that as 0 < A [ 0, W(A) — W*.

WeANBg(W*)

D proof of corollary 3.2

For any given £ > 0, we show that there exists a A(£) > 0 such that for any fixed 0 < A < A(§),

IWSC(A) = W*| < €+ 0,(1)
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By Theorem 2, there exists a A(£) > 0 such that for any 0 < A < A(£), we have [W(A) — W*| < &.
Define v := A. Then by triangle inequality,

WSCA) = W[ < [WSC(A) = W(A)| + [W(A) = W] < 0,(1) +¢

so that the result is shown.

E Proof of corollary 3.3

Consider any positive decreasing sequence (&,)0°_; that converges to 0. By Theorem 2, for i,
there is some mg(&1) € N and A(&;) > 0 such that for any T' > mg(&1),

WEC(A(&)) = W] < WEC(A (&) = WA))] + [W(AE) =W <&+ & =24
Moving to &2, there exists mg(&2) > mo(&1) and A(€2) > 0 such that for any T' > mg(&2),
WFC(A) - W] < 26

We can express this recursively, and by taking Ar = A(&;) for T = 1,...,mp(&2), Ar = A(§2) for
T =mp(&) +1,...,mp(&3), so on and so forth. Then we see that the result holds.

F Proof of Theorem 3

The proof follows from an application of Chernozhukov et al. (2021)[Lemma H.1-H.5]. We include
the proof for completeness. The first three lemmas are given to make the exposition self-contained.
We write n = T'! under moving permutation.

Lemma F.1 (Lemma H.5 Chernozhukov et al. (2021)). Consider moving block permutations 11
with Ty fized. Suppose that for some Q > 0, |S(u) — S(v)| < Q||D7, (v — v)|| for any u,v € RT
and Dy, = Blockdiag(0r,, Ir,). If ||PN(A) — PN||/VT < 67 and |PN — PN| < 67 fort € To with
probability at least 1 — yp, yp = o(1), then with probability at least 1 — ~yp,

(1) SIS (A) ~ S(ur)] < 6

mell
(2) [S@(A)) = S(u))| < or
Define F(z) := 1S 1 1{S(ux < 2)} and F(z) := P(S(u) < z).

Lemma F.2 (Lemma H.2 Chernozhukov et al. (2021)). Let II be moving block permutations.
Suppose that {u;}L_, is a stationary and strong mizing. Assume the following conditions: (1)
> re | Omizing(k) < M for some M, (2) Ty > T1 + 2, and (8) S(u) has bounded pdf. Then there
exists a M' > 0 depending only on M such that for any d17 > 0,

~ Ty T +1
P F(zx) - F < >1— (M =logT
(i}ég\ (z) = F(x)] < 0ir) 2 1 — (M’ Tolog 0+ T JrTl)/51T
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Lemma F.3 (Lemma H.1 Chernozhukov et al. (2021)). Suppose that with probability at least 1—~p
we have

sup |F(z) — F(2)| < dir
z€R

and with probability at least 1 — vy

(1) = S 18(R(A)) ~ ()| < 6%,

mell
(2) [S(@(A)) = S(u)| < dor
(3) The pdf of S(u) is bounded above by D
Then for any 6 € (0,1),

IP(B(A) < 0) — 0] < 48,7 4 467 + 2D (67 + 21/67) + it + 1

We are now ready to prove Theorem 3. Observe that

PN(A) = P = —(ygy — yiWV77(A) — aor) = Wy + iy
(wor — YiWRC (M) = W'y + yiy
= (WF(A ) W)y
= (WF9(A) = WY e+ (WE(A) = W) phe + (WFC(A) — W) e
Therefore, by noting the simple inequality of (a + b+ ¢)? < 4a® + 4b? + 4¢?,
~ 1 I
- 2 = mr t — I
1PY(A) — PN|3/T T > (PN - PNy
t=1

< a{(TFO) ~wye} + 4l (WO ) — ) m\?{ Zuw}

+4]|(WFC(A) — W) u||2{ Zrmn?}

< Alle]* - [[W(A) = W2+ 8|l *[[W (A) = W*[[0? + 0,(1)
= A(llell + 2[| el *o®)|[W (A) = W |?

since E||M\¢||2,E|le¢]]2 < 02 < oo by assumption, Markov inequality, and Wfﬁc(A) 2 W (A) by
Theorem 2. Define Cy := 21/(||c[|2 + 2[|n|[202) and Cy := ||c|| + o?||u|| + 02 so that for some
sequence of yp = o(1), for probability at least 1 — 7, we have

1PN (A) — PN||o/VT < C1|[W(A) — W]
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and
IPN(A) = PN| < Cof[W(A) — W]
Then define
51 := max(Cq, C)|[W(A) — W*|| (F.1)

Next, by setting d17 = (%)1/4 and applying Lemma F.3 for (F.1), we obtain

IP(p(A) < 0) — 0| <4617 + 4617 + 2D (07 + 2+/07) + 717 + V7

T
< A(Ty To)* + 467 + 2D(67 + 24/07) + (M’ ?OlogTo + T T

<C {(TI/TO)1/4ZOQT0 + 07 + 5T+} +r

G Regularity conditions for consistent estimator
Assumption 5. For each A € ©, where © is compact, /W/ch(A) —W(A) = 0,(1)

Assumption 6. Suppose there is a By = Op(1) such that for all A, A € O, we have \WﬁC(A) —
WHC(A)| < Brh(d(A, A)), where h(0) = 0 and h is continuous at 0

Lemma G.1. Suppose assumptions 5 and 6 holds. Then

sup [W2C(A) = W(A)| = op(1)
A€©

Proof of Lemma G.1
First we show that for every AT € ©, there exists some § > 0 such that

sup  [W2C(A) — WS (AT)| < Gr(e. ) (G.1)
AEB(;(AT)

where P(|Gr(e,v)| > ¢) < vy for T > T(e,). Since By = Op(1), there exists an M such that for
every T, P(By > eM) < . Define Gr(g,7) := Bp/M. Choose ¢ small enough so that h(¢) < 1/M
for any ¢ < §. Then

sup  |WiC(A) —WEC (AN < Bp sup  h(d(A, A1) < Bp/M = Gr(e,)
AEB(;(AT) AEBg(AT)

so that (G.1) is shown. Next we show the result. Define Rp(A) := Wﬁc(/\) — W(A). Then there
are finite balls Bs(A;) for some ¢ = 1,..,m such that © C U, Bs(A;) and A; € ©, so

sup |Rr(A)] < max |[Rp(A;)|+ max  sup |Rp(A) — Rr(Ai)| = op(1) + Gr(e, )
AcO i=1,....m i=1,..m AEBs(A;)
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where the equality follows from assumption 5. Therefore

P(sup > ¢) < P(op(1) > ¢/2) + P(Gr(e,v) > €/2) <n
A€©
for large enough n, which follows from (G.1).
O
If assumption 6 holds, specifically that By = Op(1) over A € (0,1], then we have a more general
result than (C.4), which allows us to show that for any sequence of 0 < Ap | 0,

(WS (Ar) — W*| = 0,(1).

The implication is that we can then construct a feasible statistic WSC(AT) that is asymptotically
recovers the treated individual’s fixed effect ¢y and factor loading . However, as A converges to
0, (AI + cc + p'Qop) =t will blow up if ec/ + p/Qop is positive semi-definite. This means that for
any Ay, Ay € (O, 1],

|A1 — Ao 1
“max

_ Ay — Asl,
1=1,...,J (dZ + Al)(dz + AQ) A1A2’ ! 2’

implying that the equi-continuity of W (A) Ae(0,1] cannot hold, and this violates condition (5) of
Lemma C.1. However, we can modify assumption 6 and obtain some analogous result to Lemma
G.1. We need to assume some ”smoothness” on the rate of convergence of Ry (A).
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